The fully quantized model of two qubits coupled to a common bath is solved using the quantum state diffusion (QSD) approach in the non-Markovian regime. We have established an explicit time-local non-Markovian QSD equation for the two-qubit dissipative model. Diffusive quantum trajectories are applied to the entanglement estimation of two-qubit systems in a non-Markovian regime. In another interesting example, we have also considered exact entanglement unravellings for a dephasing model. In both cases, non-Markovian features of entanglement evolution are revealed through quantum diffusive unravellings in the qubit state space.
Many important realizations in quantum information, such as quantum computing, quantum communication and quantum cryptography, rely on the control and generation of entanglement [1] . However, the true question arises in how to measure the entanglement of a quantum system in order to effectively use that information in application. For a quantum open system described by a reduced density matrix, most definitions of entanglement pertain to a property of an ensemble, such as entanglement of formation [2] , E(ρ), and concurrence [3] , C(ρ), however for possible applications in quantum information processing, the preparation of and measurement on a mixed entangled state would be quite cumbersome. A more approachable method would be to take advantage of the statistical nature of the quantum system and average over many realizations of a single system in order to infer information about the entanglement of the ensemble. Recently, entanglement unravellings in the Markov regime have been proposed [4] [5] [6] . For a general non-Markovian quantum open system, such a pure state approach is particularly useful for the numerical simulation of the tracking of entanglement information, which is known to be a hard problem due to the lack of a computable entanglement measure and a viable non-Markovian master equation [7] [8] [9] [10] [11] [12] [13] .
In this letter, our research serves as a first example of the efficient estimation of entanglement evolution in non-Markovian regimes without using the system density matrix. We derive the exact quantum state diffusion (QSD) equation to estimate the entanglement evolution of a two-qubit system coupled to a bosonic heat bath at zero temperature [14] [15] [16] [17] [18] [19] [20] . For a general multi-qubit system, employing quantum trajectories over density matrices becomes enormously advantageous in terms of computational exhaustion. As will be shown in this letter, the entanglement computed from trajectories generally provides useful information about the status of the ac- * brittany.corn@stevens.edu † Jun.Jing@stevens.edu ‡ ting.yu@stevens.edu tual entanglement described by the system density matrix. For some initial states, the trajectory entanglement gives an almost identical estimation of the system entanglement.
We present a fully quantized model of two uncoupled qubits with respective transition frequencies ω A and ω B that are coupled to a common zero-temperature heat bath via the interaction Hamiltonian
where L A and L B are Lindblad operators describing the interaction of the qubits A and B with the heat bath, respectively, and κ (0 ≤ κ ≤ 1) is the control parameter that describes the ratio of the qubits' coupling strengths. The formal linear QSD equation [14] describing the dynamics of the quantum state of the qubits, ψ t = ψ t (x * ), is given by 
In principle, the existence of the O-operator can be seen from the stochastic propogator, |ψ t (x * ) = G(t, x * ) |ψ 0 [21] , but in practice it is difficult to find the explicit O-operator. For the specific two-qubit model presented in this letter, an exact equation for the O-operator is derived upon satisfying the consistency condition [14] :
which ensures that ψ t is a single-valued function, and thus establishes an exact solvable QSD equation.
We explore the non-Markovian regime by modeling the bath correlation function as an Ornstein-Uhlenbeck process such that α(t, s) = γ 2 e −γ|t−s| . This continuous random process drifts toward a stationary long-term mean and is useful for viewing various memory effects via the parameter γ, which describes the rate at which noise that is progressing in time t becomes less and less correlated to its value at a particular past time s. As γ grows very large and the correlation time τ c = 1 γ becomes very short, we will view the transition from non-Markovian to Markovian regimes and find that certain features are lost under the Markov approximation [22] [23] [24] [25] .
We investigate two types of qubit decoherence: dissipation of the quantum state and pure phase relaxation, both great challenges to maintaining robust entanglement. In both cases, we have derived the exact time-local O-operators, allowing us to efficiently solve the nonlinear QSD equation [14] , which robustly preserves the norm of the qubit state vector throughout every trajectory, a facet not exhibited by the linear equation [15] . The dynamics of the normalized quantum state of the qubits, ψ t = ψt ||ψt|| , is presented as [14] :
where A t = ψ t |A|ψ t is the quantum expectation value of operator A andx *
s is the shifted noise. Solving the stochastic differential equation above for a particular realization of the Gaussian random noise reveals a single unraveling of the quantum system evolution, allowing one to calculate a single entanglement trajectory by C(
After a large number of realizations are produced, we take the mean over all concurrence trajectories, C ψ = M [C(ψ t )], and obtain a value that is pertinent to the entanglement of the ensemble system. In this way, we can efficiently compute the approximate entanglement of a quantum open system without invoking the explicit form of the density matrix. The actual entanglement represented by the density matrix can be calculated through concurrence [3] C(ρ) = max 0,
) in descending order. Upon direct comparison, it is clear that C ψ cannot be the same as true entanglement C(ρ) due to the concavity of the concurrence. However, C ψ can be used as an upperbound of the actual entanglement, such that if C ψ ≈ 0 then C(ρ) ≈ 0. In fact, as shown below, C ψ provides almost perfect estimation of the actual entanglement for some initial states. Above all, the calculation of C ψ is much simpler than that of C(ρ), especially for a large number of qubits. This pronounces C ψ to be a good indicator for the actual behavior of the entanglement and will be explored in the upcoming models.
A dissipative interaction, which causes the quantum state to lose energy, is denoted by the Lindblad op- 2), we find the exactŌ(t,
− , which is true for an arbitrary bath correlation function. By imposing the OrnsteinUhlenbeck bath correlation function, we derive a set of differential equations for the coefficients of theŌ operator:
together with the explicit solution P (t, s 
{|↑↑ ± |↓↓ } for qubits with correlated spins and
{|↑↓ ± |↓↑ } for qubits with anti-correlated spins. In the interest of direct comparison to the exact case, we have derived theŌ operator in the PostMarkov approximation to beŌ The entanglement derived from the exact mean trajectory method, C ψ is compared to that under the PostMarkov approximation, C P M (ψ), as well as the entanglement of the ensemble, C(ρ), in Fig. 1 . For both initial states, |Ψ + in (a) and |Φ + in (b), the actual entanglement C(ρ) displays the repeated revival and death of entanglement known to the two-qubit model [26] [27] [28] . Such trends are exhibited by the exact mean entanglement trajectory C ψ , whereas in contrast, applying the Post-Markov approximation removes all revival features of the curve. This figure demonstrates the dependence of the theory on the initial qubit state. In both cases, C ψ acts as an upperbound for the exact entanglement C(ρ), however |Φ + provides a much closer approximation than |Ψ + . Upon taking a closer look at C ψ for various values of κ and γ in Fig. 2 and Fig. 3 , many interesting attributes of this model are revealed.
For initial state |ψ 0 = |Ψ + , Fig. 2(a) highlights the significant revival feature of the equal couplings case, κ = 1, which shrinks as we decrease the coupling strength of qubit B. On the other hand, the asymmetrical couplings case, κ = 1, causes the entanglement to decay much slower. In this Non-Markovian region of γ = 0.3 we find the entanglement will remain non-zero for extended time. In Fig. 2(b) we look at a fixed κ = 1 and view the transition from non-Markovian to Markovian regimes as we let γ become large. It is shown that the revival peak grows as we tend toward the non-Markovian conditions and eventually oscillates very close to an entanglement state that will not decay, allowing one to maintain a highly entangled state over a long period of time when large memory effects are present.
In Fig. 3(a) we look at long time entanglment evolution from initial state |Φ + for various values of κ and fixed γ = 0.3 where many revival peaks are witnessed. Similar to the previous case of initial state |Ψ + , tall revival peaks are displayed for symmetrical couplings, however they come at the expense of a faster disentanglement. Once again, the κ = 0 case reveals a much slower entanglement decay and remains non-zero even for long times. Comparing the effects of memory on the entanglement dynamics, Fig. 3(b) again demonstrates that a very large correlation time allows the quantum state to remain highly entangled for extended times. An interesting difference for this initial state is that even for fairly large γ = 5, the rebirth of entanglement is still a dominant feature.
As another important case, we consider a dephasing type of interaction, which provides an example of pure decoherence without dissipation. Described by the two Lindblad operators L A = σ (4) and (5).
In Fig. 4(a) , the dotted curve, κ = 0, represents the scenario of qubit A interacting with the heat bath while qubit B is a free particle. As is expected of the singlequbit dephasing channel [10] , the entanglement of the qubits asymptotically decays to zero. Moreover, as we introduce the interaction of qubit B to the environment through κ = 0, the disentanglement rate between the qubits only increases and causes a faster death of entanglement. In Fig. 4(b) , the very non-Markovian case, γ = 0.01, where the memory of the system extends much further into the past, reveals the preservation of entanglement for a considerable length of time before beginning to decay. In the limit as γ approaches 0 one would expect entanglement to be sustained at the maximum value eternally. As we shorten the memory of the system in the Markov regime, the entanglement curves reveal a steeper and steeper descent toward zero entanglement.
The same analysis was applied to qubits with initial state |Φ ± and shown in Fig. 5 . In Fig. 5(a) we immediately see that, when the coupling constants of the qubits to the heat bath are equal, κ = 1, then the initially entangled state is protected due to the symmetry between the two qubits. When the qubits are not coupled to the modes of the heat bath in exactly the same way, κ = 1, the entanglement will eventually decay to zero. Similar to the dissipative model, Fig. 5(b) displays the prolonged entanglement of the qubits in the non-Markovian case, γ = 0.01, and the faster disentanglement rate of the Markov approximation, γ = 10.
In conclusion, we have shown that the dynamical entanglement of a non Markovian open system can be efficiently estimated by employing exact quantum diffusive trajectories. In particular, we have shown that entanglement dynamics of the system are very sensitive to which initial state the qubits evolved from, how the qubits are coupled to the heat bath, and the correlation time between the noise variables. We emphasized that under the Markov approximation, the entanglement for both sets of Bell states was characterized by fast disentanglement and suppressed revival features, whereas in the non-Markovian regime, large revivals were witnessed and for an extensively long correlation time, the qubits remained nearly maximally entangled for long times. This again emphasizes the importance of memory effects on the dynamics of a quantum system.
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